In this paper, we have constructed Boson star (BS) solutions in four dimensional scalar-GaussBonnet (sGB) theory. In order to have non-trivial effect from Gauss-Bonnet term, we invoked non-minimal coupling between a complex scalar field and the Gauss-Bonnet term with a coupling parameter, α. We show that the scalar field can no longer take arbitrary value at the center of the star. Furthermore, boson-stars in our higher derivative theory turn out to be slightly massive but much more compact than those in the usual Einstein's gravity. Interestingly, we found that for α < −0.4 and α > 0.8, binding energy for all possible boson stars is always negative. This implies that these stars are intrinsically stable against the decay by dispersion. We also present the mass-radius and mass-frequency curves for boson-star and compare them with other compact objects in gravity models derived from Gauss-Bonnet term.
I. INTRODUCTION
Boson stars are self gravitating and localized solutions of a complex scalar field. These exotic stars are held back from collapsing under their own self gravity by Heisenberg's uncertainty principle. This is in contrast with compact objects like neutron stars where degeneracy pressure (from Pauli's exclusion principle) prevents the gravitational collapse. Despite having no observational evidence, these star like configurations are widely studied as black-hole mimickers, dark matter candidates and often as astrophysical compact objects. If constructed without any coupling to electromagnetic field, they could serve as horizon-less black holes, or if constructed on galactic scales they might act as darkmatter halo. Furthermore, boson-stars share a large number of similarities with neutron stars: both form one parameter family, have similar mass-radius curves and show transition from stable to unstable states at the peak of these curves. Because of such similarities, boson stars are often studied as astrophysical compact objects. Even if they are found non-existent in nature, they could serve as analogs to neutron stars which are sometimes harder to model (See [1] for a review). Because of their sheer simplicity, they make perfect tools to explore and test the limits of General Relativity.
In order to completely understand the nature of a classical solution such as that of a boson star, it is necessary to probe the dynamics of small perturbations around aforementioned classical solution. Studying the effects of an higher dimensional operator, which can be thought of as one such perturbation at the effective Lagrangian level, can be an important way that can shed light not only into the nature of a boson star but also into the nature of the effective field theory itself. In the present paper, we will take into account a specific form of higher derivative term in the gravity sector and study its static modifica- * baibhavv@gmail.com † debu.imsc@gmail.com tion on usual minimal boson star solutions. There exits an interesting generalization of General Relativity to an arbitrary number of dimensions, known as Lovelock's theory, which contains an action comprising of higher order derivatives. One of the most interesting properties of this higher derivative theory is that it does not lead to more than two derivatives at the equation of motion level.
Theories with more than two derivatives are, in general, plagued by ghosts and consequently their Hamiltonians are unbounded from below. The term quadratic in curvature in Lovelock's generalization is called the Gauss Bonnet term. Boson stars have been extensively studied in this Gauss Bonnet geometry in five dimensions [2] [3] [4] [5] . However in four dimensions, the Gauss Bonnet term is a topological invariant and gives no contribution to the equations of motion. This problem can be avoided by introducing a non-minimal coupling between a complex scalar field and the Gauss Bonnet term. In order to have global phase rotation invariance, Gauss-Bonnet modification should couple with the square of the complex scalar field. Boson stars with the non-minimal scalar field coupled to curvature term has been studied earlier by [7, 8] , where they coupled Ricci scalar to square of boson field. Therefore, it would be a simple extension to study the influence of coupling to higher curvature terms. In this work, we will extensively study ground-state boson stars in a scalar-Gauss-Bonnet (sGB) theory. In addition to standard BS Lagrangian, we have a Gauss-Bonnet term non-minimally coupled to the complex bosonic fields. For simplicity, we have not considered any self interaction term for scalar field in the Lagrangian. However, it would be straight forward to extend our analysis if one includes quartic coupling in the scalar sector. Boson stars without self interactions, often called mini-boson stars, have maximum mass of the order M 2 pl /m. This is much smaller than the Chandrasekhar mass M 3 pl /m 2 for the fermionic counterparts, where m is the mass of the field under consideration. To construct boson stars with larger masses and more particles, a repulsive selfinteraction term is needed to provide the extra pressure against gravitational collapse. Even though we consider mini-boson stars in this paper, as mentioned the analy-sis can be easily extended with the self interaction term needed to reach the astrophysical mass scales. Furthermore, we will mainly concentrate on the solutions with positive coupling constants, for reasons that will be clear as we go along. The paper is organized as follows. In section II we present the underlying Lagrangian formulation and equations of motion. Boundary conditions are discussed and it is shown that the parameter space is constrained. In Sec III, we discuss different properties of the numerical solutions like binding energy, compactness, M-R and M-ω curves.
II. MODEL AND SETUP
We start with an action containing the standard boson star Lagrangian and the Gauss Bonnet term nonminimally coupled to the product of bosonic fields φ and φ * .
Here G = R 2 + R µνρσ R µνρσ − 4R µν R µν is the unique combination of Riemann curvature terms that retains the second order nature of field equations, A is dimensionless coupling parameter and m is the mass of boson. Varying the above Lagrangian with conjugate scalar φ * and g µν yields Klein-Gordon and Einstein's equations respectively
where contribution to stress-energy tensor by bosonic matter is given by
Presence of Gauss Bonnet term modifies Einstein's equation with addition of term T GB µν [9] 
Considering harmonic ansatz for the scalar field φ(t, r) = φ 0 (r)e −iωt , and a static, spherically-symmetric space-time metric with line element
we get a resulting system of three coupled equations that needs to be solved numerically for scalar field amplitude φ 0 (r) and two metric fields λ(r), ν(r).
where f = m 2 + ω 2 e −ν and g = e −ν ω 2 − m 2 . During numerical integration, we use the following dimensionless variables
In this paper, we will be studying the following physical quantities characterizing a boson star. Mass(M): Asymptotically any boson star metric resembles Schwarzschild metric, which allows us to associate the metric coefficient e λ(r) = (1 − 2M/r) −1 , where M is the ADM mass defined for an asymptotically flat spacetime . It can be calculated as
where r out is the outermost point of numerical domain.
Particle Number(N): As for any boson star system, one considers global U (1) invariant theory. In other words, the given system is invariant under global phase rotation implying a locally conserved Noether current
. The corresponding U(1) charge of the boson star gives the total number of bosons (N) in the star under consideration.
Binding Energy(E b ): Binding energy E b = M −N m plays a crucial role in determining the classical gravitational stability of an astrophysical compact object. A positive binding energy implies an unstable configuration. Particles in such systems have more kinetic energy than the gravitational energy holding them together. Consequently they disperse to infinity. However negative E b does not guarantee stability as some configurations might still collapse into black holes. In other words, M < mN is a necessary but not sufficient condition for stability. Note that solutions with negative binding energies are said to be "classically stable". We will discuss this classical stability in subsequent sections. However, it is imperative to study the perturbation around the boson star solution to understand the stability properties better. We will defer this study to a future work. Radius and Compactness(R 99 , C): Since boson stars lack a defined surface, as theoretically they are infinitely extended object. However, from the physical point of view, we can always define an effective radius(R 99 ) within which the boson star under consideration contains 99% of the total mass(M 99 ). Therefore corresponding effective compactness can be defined as C = M 99 /R 99 . After stating the boundary conditions, in the following section, we will try to solve the equations of motion (7) numerically and compute all the aforementioned physical quantities.
A. Boundary Conditions and constraints on parameter space
In absence of a Gauss Bonnet term, boson stars are parameterized by the scalar field value at the origin φ 0 (0) which attain any arbitrarily large value. In presence of Gauss-Bonnet term, however, solutions exist only up to a maximum value of φ 0 (0). Given a value of coupling constant A, there exists a limiting value of φ 0 (0) = φ cr , after which solutions do not exist. Similar constraints on the parameter space have been found for boson star in other theories, such as five dimensional Einstein-GaussBonnet(EGB) gravity [2, 3] and fluid stars in EinsteinDilaton-Gauss-Bonnet(EDGB) gravity [10] . This criticality appears from the regularity condition of the scalar and metric fields at origin due to higher derivative gravity term. To illustrate this further, we expand the metric and scalar field near the origin as follows,
Regularity conditions demand that all first order derivatives and λ(0) vanish at origin. The (tt), (rr) components of Einstein's equations and Klein Gordon equation at zeroth order now read
These equations can be solved to obtain ν 2 , λ 2 and p 2 , while p 0 serves as a free parameter and ν 0 has to be set in such a way that ν(r) vanishes asymptotically. After eliminating ν 2 and p 2 using 13 and 15, one gets the quartic equation for λ 2 from 14
where f 0 = m 2 + ω 2 e −ν0 and g 0 = ω 2 e −ν0 − m 2 . Nature of solutions of a quartic equation can be determined by its discriminant. For a quartic polynomial of type aλ 4 2 + bλ 3 2 + dλ 2 + e (no quadratic term), the discriminant is given by
For a generic quartic case, ∆ < 0 means two complextwo real roots and for ∆ > 0, all roots are either real or complex. Equation 16 always has two complex zeros in the regime of interest. Consequently, physical solutions exist only for negative discriminant. And as a result, the possible combinations of Gauss-Bonnet parameter, A and central value of scalar φ 0 (0), are now constrained. As we will see, this imposes an upper bound on φ 0 (0) for a given coupling constant. Solving 13, 14, 15 for p 2 , λ 2 and ν 2 and accepting only physical solutions, we get the boundary conditions at "r 0 ", the starting point of numerical domain
As stated earlier, p 0 is the free parameter, while ν 0 has to be set such that ν(∞) → 0
Besides regularity at origin and asymptotic flatness, we also require an asymptotically vanishing energy density. This can be attained by shooting for a certain value of ω such that φ 0 (∞) → 0. Requirement of asymptotic flatness, eliminates any role of the Gauss-Bonnet term at the infinity as the term vanishes in flat space-time. Therefore, in the asymptotically flat space-time limit (λ ≈ 0 and ν ≈ 0 as r → ∞), scalar field equation turns out to be
Making sure that both metric fields and amplitude of scalar field vanish at large radial distances, one gets the usual behavior of the scalar field decaying as φ ∝ e −r √ m 2 −ω 2 /r from the above equation for the scalar field.
III. ANALYSIS OF NUMERICAL SOLUTIONS
In this section, we'll discuss the solutions of our master equation 7 given the boundary conditions 18 for scalar field amplitude φ 0 (r) and two metric fields λ(r), ν(r) discussed in the previous section. As shown in Fig 1, we observe a very marginal change in the appearance of scalar field profile, due to Gauss-Bonnet term. As stated earlier, Gauss-Bonnet term vanishes as we asymptotically approach the flat space-time. As a result, the scalar field equation at infinity in sGB gravity remains the same as in Einstein's gravity. This is reflected in Figure 1 , where scalar fields for different coupling have same values at large radial coordinate. Because of this reason the effective radius R 99 reduces only slightly in our model as was predicted for usual Einstein's gravity with a massive complex scalar field. We found that masses and number of bosons in boson stars for positive coupling to sGB gravity are slightly larger than Einstein bosonstars, but of same order. Consequently sGB boson stars are much more compact than those found in Einstein's gravity, as we shall discuss in the subsequent sections. This is in contrast with neutron stars studied by [10] in Einstein-Dilaton-Gauss-Bonnet gravity. They studied Lagrangian for fluid stars with a real scalar field coupled to Gauss Bonnet term and found that stars in EDGB are less massive than those in standard Einstein gravity. Even though the case studied by [10] is entirely different from our case, we still think it's worthwhile to make comparisons whenever we can. As can be seen in Fig 3-6 , for low φ 0 (0), both Einstein and sGB theories give same values for all physical parameters. This feature is shared by EGB boson-stars in five dimensions and [2] attribute this behavior to smallness of energy momentum tensor. For scalar fields with low amplitudes, the effective Gauss-Bonnet coupling is not strong enough. As a consequence, we can't differentiate between a boson star in Einstein-Hilbert gravity or sGB gravity, if the boson star is very small. We now study one by one different properties of the sGB boson-stars.
A. Parameter constraints
As discussed in II A, the boson star solutions in sGB gravity exist for φ 0 (0) ≤ φ cr , so that the discriminant 17, ∆ ≤ 0. This is further illustrated in Figure 2 where we present the behavior of the discriminant (rescaled to minimum value -1). The value of the discriminant approaches zero as φ 0 (0) approaches the critical value φ cr . It's not possible to construct solutions with scalar field greater than this value at origin. In other words, domain over which solutions can be constructed is now smaller in sGB gravity. Similar bounds on parameter space exist for other boson star solutions such as EDGB fluid stars which exist only up to a maximum central density [10] , 5D EGB boson stars where we have bounds on the free parameter, φ 0 (0) or φ ′ 0 (0) [2, 3] Calculating the exact φ cr while simultaneously shooting for ω is quite tedious. We present some approximate values of various physical quantities of boson star in Table I upto an error in the last digit. Upon data fitting ( Figure  2 ), we find that
where σ = φ 0 √ 8πG. This behavior is also displayed in Fig 2 where dots are the approximate φ cr while the lines are fitted curves. It is clear that σ cr decays faster for negative Gauss Bonnet parameter. As a result, we don't get much room to construct and analyse the solutions in such case. For this reason we'll mainly focus on positive coupling constants. Similar kind of power law behavior was observed in [2] for rotating boson stars in 5D EGB gravity (α cr ≈ 0.667φ
−2 , derivative of scalar field at origin (φ ′ 0 (0)) serves as the free parameter and φ 0 (0) = 0).
B. Binding Energy and Stability
For an usual boson star without the Gauss-Bonnet interaction, binding energy changes from negative to positive value as we increase φ 0 (0). sGB boson stars with small coupling parameter follow the same trend. For positive energies, kinetic energy of particles is greater than the gravitational potential energy holding them down. This causes particles to disperse to infinity. Interestingly for α > 0.800 and α < −0.400, there's peculiar change when all possible values of φ 0 (0) give negative binding energies. These configurations are immune to dispersion, and the only possible mechanism for the instability is gravitational collapse. The author in reference [8] also discovered this behavior for boson-star with non minimal coupling to scalar curvature. With coupling of type ξφφ * R, they found that ξ > 4 gives only negative binding energies. Note that we use the similar coupling to Gauss Bonnet term of type Aφφ * G. More importantly, this occurrence of "classically stable" . Closer the value of ∆N is to zero, more accurate the φcr is. Maximum value of mass, particle number and compactness are also presented in the table.
α φcr boson-stars in sGB gravity is in stark contrast with EGB boson-stars in 5 dimensions [2] that are always classicallyunstable. However, having negative binding energy does not guarantee the stability against gravitational collapse. Some configurations might still collapse into Black Holes. Since stability theorems of Einstein-Hilbert boson stars or fluid stars are no longer valid in the present context due to non-minimal gravitational coupling, a complete stability analysis is required for determining gravitational stability. We defer this to a future work.
C. Mass frequency curves
In [2, 5] , authors have studied different properties of 5D boson stars in Gauss Bonnet gravity with frequency ω as a parameter. They observed spiraling behavior of M-ω (and N-ω) curves. Depending upon the values of five dimensional Gauss-Bonnet parameter this spiral unwinds giving rise to new branches. See [5] for more details on this behavior in five dimensions. However, for boson stars in our sGB gravity, even though the spirals disappear, there are no new branches. This behavior can be better understood by looking at behavior of frequency parameter. As shown in Fig 4 for usual α = 0 boson star, frequency ω is not an injective ( one-to-one) function of free parameter, φ 0 (0). Hence when frequency is itself used as a parameter, multiple masses exist for a given ω. This leads to spiraling behavior. However as we increase the coupling, ω as function φ 0 (0) takes a value only once and is now injective. Additionally, for large enough coupling, mass is also uniquely defined by the central value of scalar field. (See Fig 5 and Sec.III D) . This causes the spiral to disappear.
D. M-R curves
One of the reasons for wide-spread popularity of the boson stars, is their strong resemblance to the compact objects like neutron stars. More specifically, boson stars and neutron stars exhibit somewhat identical mass versus radius curves [12] . This makes it worthwhile to construct and study these diagrams in different theories of gravity. As mentioned before, these physical behaviors could also be very important to constrain the effective gravity theory itself. However, like mass-frequency curve, the M-R curves for the usual boson star with α = 0 also has spiraling behavior because of multiple solutions for the mass (M) for a given value of the radius (R). As one increases the parameter φ 0 (0), M-R curves progress into the spiraling region. However, for an sGB boson star, it is no longer possible to have arbitrarily large values of scalar field at origin. This causes inspirals to disappear. Also for sufficiently large coupling, there is one-to-one correspondence between mass and radius i.e both mass and radius are uniquely defined (for eg. α = 10 in Fig 5) . This occurs for those solutions whose maximum mass is given at φ 0 (0) = φ cr . Boson stars in 5D Einstein-GaussBonnet theory also shows similar behavior [5] . However M-R curves of sGB boson stars differ from those of neutron stars found in EDGB gravity theory. The massradius curves of neutron stars in EDGB gravity lie below the curves given by standard Einstein gravity. This is in stark contrast with M-R curves of sGB boson-stars with positive coupling which lie above curve given by α = 0 (See Figure 2 of [10] and compare with positive α in Fig  5) . This peculiar dissimilarity can be attributed to the fact that neutron stars are less massive in EDGB compared to Einstein gravity. Again, it's necessary to remind the reader that the case presented by [10] is entirely different fromt the current model, mainly because of the nature of scalar field (Dilaton is a real scalar; also in [10] , matter field in not coupled to Gauss-Bonnet term). 
E. Compactness
As has been explained earlier, compactness of a boson star is a measure of the amount of mass contained within the effective radius of the same. For example, compactness of a Schwarzschild black hole is C BH = 1/2, while the maximum compactness of a non-rotating fluid stars C Max,NS = 4/9 is given by Buchdahl limit [? ] . The compactness of the stable self-interacting boson stars was studied in [11] for Einstein Gravity, where they found an upper bound on the ratio M/R to be 0.16 for large self interactions. We found that sGB boson stars are much more compact than the regular self interacting ones and more than half as compact as the Black Holes. In sGB gravity, ADM mass of a boson star increases with the Gauss Bonnet coupling, with a negligible decrease in the effective radius R 99 . This fact essentially increases the compactness of the sGB boson stars. 
IV. SUMMARY AND FUTURE WORK
In this paper, we have constructed the boson stars solution in scalar-Gauss-Bonnet gravity in four dimension. The action contains a Gauss-Bonnet term coupled to the square of scalar field amplitude. Our results show that the scalar field can not have arbitrarily high values at the center of the boson star. Fluid stars in EDGB gravity and boson-stars in 5D EGB gravity share this feature. This can be better understood by looking at the behavior of scalar field near the center of a star. This imposes an upper bound on the value of the scalar field at the origin, φ 0 (0). We have studied various interesting properties of boson stars specifically focusing on the dependence of GaussBonnet coupling parameter α. We have studied massfrequency (M-ω) curves which do not have spiraling feature found in minimal boson stars without scalar-GaussBonnet coupling. This disappearance of the inspiral can be observed in 5D Gauss-Bonnet theory as well, even though shape of curve can be qualitatively different from M-ω diagrams of sGB boson stars. Spirals found in MassRadius diagrams disappear as well and for large enough coupling, mass and radius are quite unique, i.e for a given mass, boson-star has an unique radius. Nevertheless M-R curves maintain an appearance similar to those of Neutron stars [12] and boson-stars in 5D EGB gravity. Furthermore, boson star with positive coupling are more massive and due to a slight decrease in radius, they are also more compact. However in our analysis, we have not included the self-interaction of the scalar field. The resulting boson stars have masses (of order M 2 ). To reach astrophysical mass scales, a repulsive self interaction term is needed. Since in sGB gravity, there is a very slight decrease in stellar radius, we believe that inclusion of self interaction can create very compact stars. A complete stability analysis is beyond the scope of this paper,and is left for our future work. Nonetheless, we have made some comments about classical stability of our boson star configurations. Interestingly for α < −0.4 and α > 0.8, binding energy is always negative. This implies that these stars are immune to decay by dispersion, though they can still collapse into black-holes. This is very different from 5D EGB boson stars which are always classically unstable [2] .
